Abstract. We give the lower bound on Seshadri constants for the case of very ample line bundles on threefolds. We consider the situation when the Seshadri constant is strictly less than 2 and give a version of Bauer's theorem [Bau99, Theorem 2.1] for singular surfaces so we can prove the same result for smooth threefolds.
Introduction
The Seshadri constant at a given point on a smooth projective variety was introduced by Demailly [Dem92] to study Fujita's conjecture. It measures how positive a nef line bundle locally is near a given point. Since then Seshadri constants were recognized as interesting invariants of algebraic varieties on their own. Definition 1.1. Suppose X is a projective variety of dimension n and L is a nef line bundle over X. Let x be a point on X and π : X → X the blowup of X at x with the exceptional divisor E. Then, we define the Seshadri constant ǫ(L, x) of L at x as ǫ(L, x) := sup{α ≥ 0 | π * L − αE is nef }.
Or, equivalently, it can be defined by
where the infimum is taken over all integral curves C ⊂ X passing through x [Laz04, 5.1.5].
For the case that X ⊂ P N is a smooth integral projective variety and L is the restriction O X (1) on X of the hyperplane bundle of P N , it is easy to see that ǫ(O X (1), x) ≥ 1 for every x ∈ X. Obviously, the equality holds if there is a line in X passing through x. For the case of smooth surfaces, Bauer proved the following. (b) Suppose X is of degree d (≥ 4) and x is a point on X. If X contains no line passing through x, then
(c) If X is of degree d (≥ 4) and x ∈ X is a point such that the Seshadri constant ǫ(O X (1), x) satisfies the inequalities 1 < ǫ(O X (1), x) < 2, then it is of the form
where a, b are integers with 3 ≤ a ≤ d and a/2 < b < a. (d) All rational numbers a/b with 3 ≤ a ≤ d and a/2 < b < a occur as local Seshadri constants of smooth irreducible surfaces in P 3 of degree d.
Bauer's approach was to consider the intersection of X and the tangent plane T x X of X at x. If the Seshadri constant ǫ(O X (1), x) < 2, then it must be computed by a component of the intersection and the multiplicity of the component at x is bounded above by the degree d of X. In this paper, we prove a similar result for any integral surfaces in P 3 .
Proposition 1.3. Let X be a projective integral surface of degree d (≥ 3) in P 3 . If x ∈ X is a point of multiplicity m and X contains no line passing through x, then (a)
for some integers a, b such that 3 ≤ a ≤ md and
By constructing a singular surface in P 3 , we also show that the lower bound
here is optimal. Furthermore, we give the same lower bound for smooth threefolds in projective spaces. Theorem 1.4. Let X be an irreducible smooth projective threefold of degree d (≥ 4) in P N , x a point in X and T x X the tangent linear subspace of P N to X at x. If X contains no line through x, then
Finally, we construct a threefold with finitely many singular points in P 4 whose Seshadri constant of hyperplane bundle at a smooth point is 
Seshadri constants of hyperplane line bundles on surfaces
In order to prove 1.3, we need some preparations.
Definition 2.1. Let X be a reduced irreducible projective variety of dimension n in P N and x a point on X. Denote O X (1) = O P N (1)| X by H, the blowup of P N at x by P N , the proper transform of X in P N by X and the exceptional divisor in X by E. The projection P N \{x} → P N −1 induces a morphism P N → P N −1 such that the proper transform of every line in P N passing through x is mapped to a point in P N −1 . We call the restriction on X of this morphism the inner projection
If π : X → X is the blowup morphism of X at x, then from the construction
It is obvious that if there is no line in X passing through x, then p is finite.
Lemma 2.2. With the above settings, there is no line in X passing through x if and only if ǫ(H, x) > 1.
Proof. The "⇐" is obvious. For "⇒", we assume the hypothesis, then p is finite. This implies that p * O(1) is ample and hence π * H − E is ample. So ǫ(H, x) > 1.
Lemma 2.3. With the above settings, if ǫ(H, x) > 1, then
Proof. By 2.2, X contains no line passing through x, p is finite and hence
The following two lemmas gives us a way to bound the multiplicity of a variety at a point by its degree.
Lemma 2.4. Suppose T ⊂ P N is an integral cone of dimension N − 1 over an integral hypersurface B in P N −1 with vertex at p ∈ P N . If X is an integral subvariety in T of codimension one containing p and X contains no line passing through
Proof. Since the image p( X) = B and ǫ(O X (1), p) > 1, then from (1), we have
Lemma 2.5. Suppose X is a hypersurface of degree d in P n+1 and x is a point of multiplicity m on X. If X contains no line passing through x, then
Proof. Suppose X is defined by the homogeneous polynomial f of degree d. By choosing an appropriate coordinate system, we can assume x = [0 : 0 : · · · : 0 : 1]. Then
where f i is a homogeneous polynomial of degree i in x 0 , x 1 , . . . , x n . Since mult x X = m, then f m = 0 and f i = 0 for i < m. Assume m > d − n, then there are at most n nonzero f i 's with d ≥ i ≥ m. Then the intersection of the cones in P n+1 defined by nonzero f i 's is nonempty and contains line. This implies X contains a line passing through x. This is a contradiction. Now we come up to prove 1.3.
Proof of 1.3. Let T C x (X) ⊂ P 3 be the tangent cone of X at x. Suppose the local equation of X around x is f . By choosing an appropriate coordinate system, we can assume x = (0, 0, 0) and f = f m + f ≥m+1 where f i is a homogeneous polynomial of degree i. Then the local equation of T C x (X) is f m , and hence deg T C x (X) = m and mult x (T C x (X)) = m. Since T C x (X) is spanned by all the tangent lines to X at x and X contains no line through x, T C x (X) must intersect X properly. Denote
x is decreasing for x > 0 and d − 1 ≥ m by 2.3. Hence it reduces to assume
This implies that there exists an integral curve
We claim that C must be an irreducible component of D. To this end, let us consider the blowup of P 3 at x with the exceptional divisor E, π : P 3 → P 3 .
Let us set T = T C x (X). Then,
and π * X = X + mE where T and X are respectively the proper transforms of T and X. Since X| E = T | E , then
(π| e X ) * D = D+the common components of ( X| E ) and (
where D is the proper transform of D. Let C be the proper transform of C. Assume C is not an irreducible component of D, then
This is a contradiction and thus C is an irreducible component of D.
Suppose the tangent cone T = a i T i where T i 's are integral cones in P 3 with vertices at x and a i deg T i = m. Then, C ⊂ (T i ∩ X) for some i and hence
. This is for part (a). For part (b), if (2) is satisfied, ǫ(O X (1), x) must be computed by one of the irreducible components of D. Let C be such a component and contained in an integral cone
Since X contains no line passing through x, 1 < deg C(≤ deg D = md) and (
m ≤ 2, the deg C cannot equal to 2 and hence deg C ≥ 3.
The following example indicates that the lower bound Construction of 2.6. Roughly speaking, we construct S by prescribing its tangent cone T , and then we have to show the irreducibility of S and it contains no line through a particular point. Moreover, we also have to show the irreducibility of the intersection S ∩ T . Choose a general integral plane curve B of degree m and let T be the cone over B with vertex 0 ∈ P 3 . Let the blowup of P 3 at 0 be
with the exceptional divisor E and T the proper transform of T . Consider on P 3 the line bundle
It is clear that L is globally generated. Let V be the image of the global section restriction morphism,
Moreover, set σ := π| e T : T → T , then
Thus,
Now we show the irreducibility of C. Consider the morphism induced by |V |,
Then, by the Bertini theorem for general linear sections [Laz04, 3.3.1], C is irreducible and so is C.
With the T , Y and C constructed above, we can construct the singular surface S.
Let U ∋ 0 be the complement of a hyperplane in P 3 , which is affine A 3 . By choosing an appropriate coordinate system, we can assume the defining equation of T in A 3 is f m = 0 with the vertex (0, 0, 0) and the defining equation of Y is f d−1 + f d = 0 where f i is a homogeneous polynomial of degree i in the variables x 1 , x 2 and x 3 . Now, we define the surface S| U by the equation
Clearly, the tangent cone T C 0 (S) = T and S ∩ T = C. Since T is irreducible, then only one irreducible component of S can pass through the point 0. If S is reducible, then deg C < dm. This is impossible when we choose C with deg C = dm. Thus, S is irreducible and
From the proof of 1.3, C computes the Seshadri constant
To complete the proof, it remains to show that S contains no line through 0. Assume to the contrary that S contains a line through 0. Let the line be ℓ := {(at, bt, ct)|t ∈ C}. Then, f (at, bt, ct) = 0 ∀ t.
This implies that
where C(f j ) is the cone in A 3 defined by the homogeneous polynomial f j . However, this situation can be eliminated when we made a general choice of D above.
Seshadri constants of hyperplane bundles on smooth threefolds
To extend Bauer's approach to smooth threefold X, one has to consider the intersection of the 3-dimensional tangent space T x X and X. The possible components of the intersection are points, curves and surfaces. It turns out that 1.3 can deal with the surface components.
Proof of 1.4. We start from a simple argument. Suppose C ⊂ X is an integral curve through x. If
For (a), (3) is always true for every integral curve through
. In this situation, ǫ(O X (1), x) must be computed by one of the integral curves in T x X ∩ X with 2 < deg C ≤ d and deg C 2
< mult x C < deg C. For (c), assume deg C multxC < 2. We can assume that there is an irreducible and reduced surface S ⊂ T x X ∩ X such that C ⊂ S. If not, either (3) is true for C or C is an irreducible component of T x X ∩ X. For the latter situation deg C ≤ d, we will have 
